The elliptic flow splitting ∆v2 betweenū and u quarks as well as between π − and π + in midcentral Au+Au collisions at √ sNN = 200 GeV has been studied, based on the framework of an extended multiphase transport model with the partonic evolution described by the chiral kinetic equations of motion. Within the available statistics, the slope of ∆v2 betweenū and u quarks with respect to the electric charge asymmetry A ch from the linear fit is found to be negative, due to the correlation between the velocity and the coordinate in the initial parton phase-space distribution. Simulations with the magnetic field in QGP overestimates the splitting of the spin polarization between Λ and Λ observed experimentally, with the latter more consistent with results under the magnetic field in vacuum. Considering the uncertainties from the magnetic field, the quark-antiquark vector interaction, the hadronization, as well as the hadronic evolution, our study shows that the experimentally observed positive slope of ∆v2 with respect to A ch is not likely due to the chiral magnetic wave.
I. INTRODUCTION
Understanding the properties of the quark-gluon plasma (QGP) is one of the main goals of relativistic heavy-ion experiments. Due to the high energy density reached in relativistic heavy-ion collisions, the chiral symmetry of quarks is restored, and they can be considered approximately as massless particles with chiralities. With the magnetic field mainly generated by spectator protons in noncentral relativistic heavy-ion collisions, various interesting phenomena as a result of the chiral dynamics of these partons can be observed. For example, a net axial charge current along the direction of the magnetic field can be produced from a net electric charge density, while a net electric charge current along the direction of the magnetic field can be produced from a net axial charge density. The former is called the chiral separation effect [1] [2] [3] and the latter is called the chiral magnetic effect [4] [5] [6] . The interplay of them leads to the chiral magnetic wave (CMW) [7] , a wave mode with the axial and the electric charges oscillating in space and time.
It was proposed in Ref. [8] that the CMW can lead to the electric quadrupole moment of the QGP formed in the transverse plane in noncentral relativistical heavy-ion collisions. The latter may result in the elliptic flow splitting between particles of opposite electric charges. As the effect of the CMW depends the magnitude of the electric charge chemical potential, the elliptic flow splitting is expected to be larger with a larger charge asymmetry. The positive slope of the elliptic flow difference between π − and π + with respect to the electric charge asymmetry has been experimentally observed [9] . In order to study * corresponding author: xujun@sinap.ac.cn the chiral dynamical and understand the experimental results, various hydrodynamic models have been developed by incorporating the chiral anomalies [3, 10, 11] . In addition, the chiral kinetic equations of motion describing the anomalous transport of massless fermions have been derived from different approaches [12] [13] [14] [15] [16] , making it possible to study the CMW and the resulting elliptic flow splitting of charged particles from transport simulations in relativistic heavy-ion collisions. From an initially thermalized parton distribution and a parameterized decaying magnetic field, it was found that the slope of the elliptic flow splitting with respect to the electric charge asymmetry is negative with the dynamics described by the full chiral kinetic equations of motion [17] , while this is not much affected by the vorticity of the system [18] .
How large is the CMW effect depends on the strength of the magnetic field, with the latter leading to the splitting of the spin polarization between particles and their antiparticles. It was found that the spin polarizations of Λ andΛ is small at √ s N N = 200 GeV [19, 20] , while they become larger at lower collision energies [21] as a result of the stronger stopping and the larger angular velocity. The flow vorticity and the resulting polarization was predicted in Refs. [22] [23] [24] [25] , and the later studies [26] [27] [28] [29] [30] [31] [32] showed quantitatively that the vorticity field leads to the same Λ andΛ spin polarization. The splitting of their spin polarizations can be induced by the magnetic field [33] and the vector strong interaction [34, 35] . At √ s N N = 200 GeV, we found that the splitting of the spin polarization between Λ andΛ is mostly determined by the magnetic field. It will be useful to consider together the electric charge asymmetry dependence of the elliptic flow splitting and the splitting of the spin polarization between Λ andΛ, since they are potentially induced by the magnetic field but are independent of the flow vorticity.
In the present study, we do a state-of-the-art transport simulation in order to understand the elliptic flow splitting of charged particles induced by the CMW in noncentral Au+Au collisions at √ s N N = 200 GeV based on the framework of an extended multiphase transport (AMPT) model. Typically, the initial parton distribution is taken from that of AMPT, and the space-time evolution of the magnetic field generated by spectator protons is calculated by considering the QGP response. The effects of the quark-antiquark vector interaction and the hadronization as well as the hadronic evolution on the elliptic flow splitting are also investigated. The electric charge asymmetry dependence in the partonic system and the hadronic system are both analyzed in a way similar to the experimental analysis. With all these effects incorporated properly in the transport simulation, our conclusion turns out to be that the positive slope of the elliptic flow difference between π − and π + with respect to the electric charge asymmetry observed experimentally is not likely due to the CMW.
The rest part is organized as follows. In Sec. II, we give a brief review of the extended AMPT model, the chiral kinetic equations of motion, and the calculation of the magnetic field. Section III gives the detailed results of the elliptic flow splitting between negative and positive charged particles with respect to the electric charge asymmetry, as well as the spin polarizations of different quark species. A summary is given in Sec. IV.
II. THEORETICAL FRAMEWORK

A. The extended AMPT model
The present study is based on an extended AMPT model by mainly incorporating the chiral dynamics in the partonic phase [34] , as an extension of the string melting version of the original AMPT model [36] . The momenta of initial partons are from melting hadrons produced by the heavy ion jet interaction generator (HI-JING) model [37] . Their coordinates in the transverse plane (x, y) are set to be the same as those of the colliding nucleons that produce their parent hadrons, while the longitudinal coordinates are almost 0 due to the strong Lorentz contraction at √ s N N = 200 GeV. Each parton is given a formation time related to the energy and the transverse mass of its parent hadron [36] . The dynamics of these partons is described by the chiral kinetic equations of motion under the magnetic field mainly generated by spectator protons to be detailed in the next subsections. The partonic dynamics also includes two-body scatterings with an isotropic cross section of 1.5 mb [38] , and it ends at around t ∼ 3.7 fm/c when the partonic scatterings are almost finished. Afterwards, a spatial coalescence scenario is used to model the hadronization process, which allows a pair of nearest quark and antiquark to form a meson and three nearest quarks (antiquarks) to form a baryon (antibaryon), with the mass and species of the hadron determined by the invariant mass and the flavors of the constituent partons. The hadronic evolution is described by a relativistic transport (ART) model [39] that contains various elastic, inelastic, and decay channels. The electric charge is conserved in inelastic and decay channels in the present version of AMPT/ART [40] .
B. The chiral kinetic equations of motion
For the partonic dynamics, we start from the Lagrangian of the 3-flavor Nambu-Jona-Lasinio (NJL) model under an external electromagnetic field
where
T is respectively the quark field for u, d, and s quarks, Q = diag(q u e, q d e, q s e) represents respectively their electric charges,
is the current quark mass matrix, λ α are the Gell-Mann matrices in SU(3) flavor space with λ 0 = 2/3I, and G S and G V are, respectively, the scalar and the vector coupling constant. The value of the vector coupling constant G V affects the critical point of the chiral phase transition in the phase diagram [41] [42] [43] [44] . The value of G V is chosen to be 0 or 1.1G S [45] in the present study, in order to account for its large uncertainty. The K term, with det f denoting the determinant in the flavor space, is the Kobayashi-Maskawa-'t Hooft interaction [46] which breaks the axial U A (1) symmetry.
This model describes reasonably well the chiral symmetry restoration of quarks at high temperatures at the early stage of the partonic dynamics, when quarks with very small dynamical masses can be approximately considered as massless particles. This approximation becomes worse if partons are about to freeze out, when the strength of the magnetic field is expected to be rather weak. Taking the mean-field approximation and in the limit of massless partons, the Lagrangian can be approximately written as
3 G V and the corresponding term representing the flavor-singlet quark-antiquark vector interaction from the mean-field approximation [41, 47] . The quarkantiquark vector density in Eq. (2) can be expressed as (3) where N c = 3 is the color degeneracy, E i = k is the energy for massless quarks (antiquarks), and f i andf i are respectively the phase-space distribution functions of quarks and antiquarks of flavor i, which are calculated from the test-particle method [48, 49] by averaging over parallel events in the transport simulation. As in the original NJL model, the above momentum integration is cut off at 750 MeV/c [44, 45] . The Euler-Lagrange equation for quark flavor i can be obtained from the Lagrangian after the mean-field approximation [Eq. (2)] as
In the above, A µ = (A 0 , − A) contains the time and space components of the vector potential. We neglect the time component A 0 in the following, since the purpose of the present study is to investigate the effect of the CMW induced by the space component of the vector potential A, which is expressed as
with b i = 1 for quarks and −1 for antiquarks being the baryon charge number, and q i being the electric charge number of the quark species i. ρ ≡ ψ γψ is the space component of the quark-antiquark vector density, and A m is the vector potential of the magnetic field generated by spectator protons to be detailed in the next subsection. After decoupling the 4 × 4 Euler-Lagrange equation [Eq. (4)] into the 2 × 2 Schrödinger equation, the singleparticle Hamiltonian can be obtained as
where k = p − A is the real momentum and p is the canonical momentum of the particle. c = ±1 is the helicity of the particle, and σ are the Pauli matrics. In the semiclassical picture, the evolution of the system from the above Hamiltonian can be described aṡ
where B = ∇ × A is the total magnetic field, including the contributions from the real magnetic field A m generated by spectator protons and the effective magnetic field originated from the net quark flux ρ, with the former acting on the electric charge and the latter acting on the baryon charge of the particle according to Eq. (5).
Using the adiabatic approximation σ ≈ ck − 2kk ×k that satisfiesk ·˙ r ≈ 1 + O( 2 ), the chiral kinetic equations of motion under an external magnetic field can be obtained as [12] [13] [14] [15] [16] 
Starting from the initial phase-space distribution from the AMPT/HIJING model and with equal numbers of partons having the positive (c = 1) and negative (c = −1) helicity, the partonic phase evolves according to the above chiral kinetic equations of motion. The √ G factor in Eq. (11) leads to the modification of the phase-space volume [50] , so the statistical value of any observable X is calculated according to X = n √ G n X n / n √ G n by taking √ G n of the nth particle as a weight factor.
C. The magnetic field in vacuum and in QGP
The vector potential of the real magnetic field A m in vacuum can be expressed as
where Z n is the charge number of the nth spectator nucleon, v n is the velocity of the nth spectator nucleon at the retarded time t ′ n = t − | r − r n | when the spectator nucleon emits radiation, and R n = r − r n is the relative position of the field point r with respect to the spectator nucleon position r n . Considering the finite electrical conductivity of the QGP, the vector potential of the magnetic field induced by a point particle with charge e moving in the +z direction at the velocity v along the trajectory z = vt + z 0 is expressed as [51] 
where t 0 is the time when the QGP emerges, σ con (t) is the electrical conductivity of the QGP with λ(t) = t t0 dt ′ /σ con (t ′ ) related to its time evolution, γ = 1/ √ 1 − v 2 is the Lorentz factor and b is the distance between the field point and the point particle with charge e perpendicular to the z direction, J 0 is the zeroth-order Bessel function of the first kind, and θ is Heaviside step function. As mentioned in Ref. [51] , Eq. (13) is valid only for a spatially uniform electrical conductivity. Equation (12) is used to calculate A m in vacuum before t 0 , and Eq. (13) is used to calculated A m from the summation of A e m after t 0 when the QGP is produced. Since partons are continuously produced and σ con increases gradually from 0 to finite, t 0 should in principle be set as early as possible. In the present study we choose t 0 ∼ 0.09 fm/c, before which there are too few partons leading to large fluctuations.
III. RESULTS AND DISCUSSIONS
Based on the framework of the extended AMPT model, we simulate the dynamics according to the chiral kinetic equations of motion under the magnetic field. Using the same chiral kinetic equations of motion and under a constant external magnetic field, the CMW is simulated in Ref. [16] and the electric quadrupole moment can be observed in a thermalized box system with the periodic boundary condition. Starting from a thermalized almond-shaped QGP medium and under a parameterized decaying magnetic field, the electric quadrupole moment generated at the freeze-out stage of the partonic phase by the CMW can also be observed, as shown in Ref. [17] . In the present study, the simulation is done from a more realistic initial parton distribution and under a more realistic space-time evolution of the magnetic field. We will see how the quark-antiquark vector interaction, the hadronization, and the hadronic evolution affect the elliptic flow splitting between opposite charged particles with respect to the electric charge asymmetry of the system. In addition, the splitting of the spin polarizations between quarks of opposite charges serving as a probe of the space-time evolution of the magnetic field are also studied.
A. Space-time evolution of the magnetic field We first display how the magnetic field evolves with time in the present study. Figure 1 (a) displays the time evolution of the total light parton number density ρ den in central cells and the approximated electrical conductivity σ con of the quark matter formed in midcentral
GeV from transport simulations. The calculation of the electrical conductivity of the QGP is quite model-dependent [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] , and here we take the temperature dependence of the electrical conductivity from the lattice QCD result as [63] σ con = 0.0058
where T is the temperature of the QGP and T c ≈ 0.165 GeV is the critical temperature. Here we assume the extreme case that σ con is uniform in QGP as in Ref. [64] , while we take into account the time evolution of σ con as a result of the gradual formation of QGP as well as the expansion of the system, going beyond the approximations made in Ref. [64] . The time evolution of the temperature T in Eq. (14) is taken from the central cells of the QGP which is a thermalized system consisting massless particles with their momenta following approximately the Boltzmann distribution. The temperature T is extracted from the light quark density ρ den there through the rela-
den . Figure 1 (b) displays the time evolution of the y component of the real magnetic field in vacuum (σ con = 0) and in QGP (σ con > 0) at the center of the same collision system. It is seen that the magnetic field drops by about a factor of 5 ∼ 10 in the first 0.15 ∼ 0.20 fm/c, which is a characteristic time scale of the nucleus thickness in the beam direction. This feature is discussed in Ref. [64] and also observed in Ref. [65] . In the later stage, the real magnetic field in vacuum decreases dramatically with time, while the lifetime of the real magnetic field in QGP lasts much longer. As shown in the first row, the real magnetic field in vac-uum (σ con = 0) in the central region of the collision system, which is in the −y direction, decreases dramatically with time, so it is expected that its effect on the dynamics of midrapidity particles decays rather fast, although the areas where it is strong move with the spectators towards ±z directions. The spatial distribution of the real magnetic field in the central region in the x-o-z plane is similar to that shown by Fig. 3 of Ref. [65] . The real magnetic field in QGP (σ con > 0) becomes more diffusive especially in the central region, while the space-time distribution looks similar compared to that in vacuum, as shown in the second row. It is seen that the magnetic field can be in the +y direction only in the regions on the left-hand side of the spectators. Although the net quark density is small at √ s N N = 200 GeV, the net quark flux is not negligible. Compared with the real magnetic field, the effective magnetic field (∇ × g V ρ) y with G V = 1.1G S from the curl of the net quark flux shows a completely different space-time distribution, which is positive (negative) at x · z > 0 (x · z < 0), as shown in the third row of Fig. 2 . Before studying the elliptic flow splitting, we show in Fig. 3 the event distributions of the electric charge asymmetry at different stages of midcentral Au+Au collisions at √ s N N = 200 GeV. The electric charge asymmetry is defined as A ch = n q n / n |q n |, where q n is the electric charge number of the nth particle at midrapidities. This definition is consistent with that in the experimental analysis [9] for freeze-out hadrons. For freeze-out partons or initial hadrons with the charge number other than ±1, this definition is related to the charge chemical potential for midrapidity particles, which is one of the key source of the CMW. It is seen that the average value of A ch is consistent with 0 or a very small positive value at all stages in midcentral Au+Au collisions at √ s N N = 200 GeV, and it is generally asymmetrically distributed at the two sides of the average value. Similar to the experimental analysis [9] , we will study the slope of the elliptic flow splitting between negative and positive charged particles with respect to A ch around its average value. It is also interesting to see that the freeze-out partons have a narrow A ch event distribution due to the large multiplicity, while the distribution becomes wider for initial hadrons right after the hadronization as a result of the reduction of the particle multiplicity. Due to the increasing number of hadrons during the hadronic evolution, the A ch event distribution for freeze-out hadrons becomes narrow again.
C. Charge asymmetry dependence of the elliptic flow splitting in the partonic phase With different scenarios of the partonic evolution, we compare the elliptic flow (v 2 ) difference between freezeoutū and u quarks as a function of the electric charge asymmetry A ch of freeze-out partons in the left panel of Fig. 4 , and partons in the transverse momentum range 0.15 < p T < 0.5 GeV/c at midrapidities are counted for analysis. The results are based on about 220,000 events for each scenario. The overall largerū elliptic flow than u quarks is observed as a result of neglecting the time component of the vector potential, while in the present study we focus on the slope of the v 2 difference with respect to A ch . Considering the magnetic field in QGP but without the quark-antiquark vector interaction (σ con > 0 and G V = 0), a negative slope of v 2 (ū)−v 2 (u) with respect to A ch is observed, consistent with that observed in Ref. [17] but opposite to the corresponding slope observed experimentally [9] . This is due to the correlation between the z-component velocity and the x coordinate in the initial parton distribution from the AMPT/HIJING model, which is consistent with the initial vorticity of the system perpendicular to the reaction plane. With such a correlation as shown in the right panel of Fig. 4 , the Lorentz force in Eq. (11) will push the positive charged particle away from the y-o-z plane but drive negative charged particles to the y-o-z plane, enhancing the former v 2 but suppressing the latter v 2 . This is similar to the argument in Ref. [17] . To test this idea, we break the correlation between the z-component velocity and the x coordinate by exchanging randomly x coordinates in the initial parton list, and indeed they become uncorrelated as shown by the flat line in the right panel of Fig. 4 . With this initial parton distribution, it is shown in left panel of Fig. 4 that the slope of v 2 (ū) − v 2 (u) with respect to A ch becomes slightly positive. This shows that the slope is very sensitive to the initial parton distribution. It is also seen that the overall elliptic flow difference as well as its slope with respect to A ch can be affected by the strength of the real magnetic field as well as the quark-antiquark vector interaction. As expected, the real magnetic field in vacuum (σ con = 0 and G V = 0), which decays very fast as shown in Fig. 2 , leads to a negligible slope as shown in the left panel of Fig. 4 . The space-time evolution of the effective magnetic field from the net quark flux is quite different from that of the real magnetic field as shown in Fig. 2 , and it reduces the slope of v 2 (ū) − v 2 (u) with respect to A ch . The solid lines are from the linear fit, and the slopes as well as the fitting errors are listed in Table I . The v 2 splitting of charged partons is not the experimental observable, and can be modified in the hadronization process and after the hadronic evolution. Also, A ch in the hadronic phase is different from that in the partonic phase, as shown in Fig. 3 . With a spatial coalescence in the AMPT model, the v 2 difference between π − and π + right after hadronization as well as that after the hadronic evolution as a function of A ch of the corresponding hadronic system are respectively shown in Fig. 5 and Fig. 6 . The slopes of the v 2 difference with respect to A ch as well as the fitting errors are listed in Table I . It is seen that the overall magnitude of the v 2 splitting between π − and π + is larger than that betweenū and u quarks, due to the additive effect of u(ū) and d(d) quarks. The slopes of the v 2 (π − ) − v 2 (π + ) with respect to A ch can already be modified in the hadronization process for different scenarios of partonic dynamics. Due to the violate collisions and decays in the hadronic evolution, it is seen that not only the overall magnitude of the v 2 splitting between π − and π + but also the slope of v 2 (π − ) − v 2 (π + ) with respect to A ch are changed. Our transport simulations show that the A ch dependence of the v 2 splitting can be largely modified in the hadronization process and during the hadronic evolution. The slopes of final freezeout v 2 (π − ) − v 2 (π + ) with respect to A ch for all scenarios are still much smaller than that observed experimentally [20] , with the latter as large as about 3%. This shows that even if there are some CMW effects in the partonic phase, they are largely modified or washed out in the later stage, and can not lead to the large positive slope of v 2 (π − ) − v 2 (π + ) with respect to A ch observed experimentally. 
E. Spin polarizations for different quark species
As seen from Fig. 2 , the magnetic field is mostly in the −y direction. The spin polarization for partons with respect to the −y direction from the chiral kinetic equa- I: Slope parameter r from the linear fit of the v2 difference between negative and positive charged particles as a function of A ch at the freeze-out stage of the partonic phase, the initial stage of the hadronic phase right after hadronization, and the freeze-out stage of the hadronic phase, for different scenarios of partonic dynamics. tions of motion is
In the above, f ( r, k) is the phase-space distribution function, and in transport simulations the integral is replaced by the summation, with c n ,ẏ n , and √ G n being the corresponding quantities of the nth particle. The time evolutions of the spin polarizations of different quark species under the magnetic field in QGP but without the quarkantiquark vector interaction (σ con > 0 and G V = 0) are shown in the left panel of Fig. 7 . It is seen that the spin polarizations first increase and then decrease with time, as a result of the damping of the magnetic field as shown in Figs. 1 and 2 . u(ū) quarks have a stronger spin polarization than d(d) and s(s) quarks due to their electric charge difference, while the different spin polarizations between d(d) and s(s) quarks are likely due to their different initial phase-space distributions.s quarks have an positive spin polarization compared with s quarks due to their opposite electric charge. If the flow vorticity were further incorporated, the spin polarizations of all quark species are expected to be enhanced, while the splitting of their spin polarizations at freeze-out will remain mostly unchanged, since it is determined by the strength of the magnetic field, as shown in the right panel of Fig. 7 . It is seen that the uncorrelated initial parton phase-space distribution or a finite vector coupling constant only slightly modifies the splitting of the spin polarization between s ands quarks. According to the STAR measurement, the difference between the spin polarizations of Λ andΛ is negligible [20] . Assuming the Λ(Λ) spin polarization is similar to that of the s(s) quarks based on the quark coalescence model, the experimentally observed splitting of the spin polarization between Λ andΛ favors the magnetic field in vacuum, as shown in the right panel of Fig. 7 . Such a rapidly decaying magnetic field as shown in Fig. 2 will further suppress the possible CMW effect as shown in Figs. 4-6 .
IV. SUMMARY AND OUTLOOK
Based on the framework of the extended AMPT model, we have carried out the state-of-the-art transport simulation in order to investigate the dependence of the elliptic flow splitting between opposite charged particles on the electric charge asymmetry presumedly due to the chiral magnetic wave in midcentral Au+Au collisions at √ s N N = 200 GeV. With the partonic evolution described by the chiral kinetic equations of motion under the magnetic field in QGP mainly generated by spectator protons, a negative slope of the elliptic flow difference betweenū and u quarks with respect to the electric charge asymmetry is observed. We found that this is due to the correlation between the z-component velocity and the x coordinate in the initial parton distribution. The dependence of the elliptic flow difference between π − and π + on the electric charge asymmetry may be affected by the quark-antiquark vector interaction, and is largely modified not only in the hadronization process but also during the hadronic evolution. Neglecting the QGP response to the magnetic field leads to a small/negligible splitting of the spin polarization between s ands quarks, consistent with the similar spin polarization of Λ andΛ observed experimentally, but would further weaken the chiral magnetic wave.
Our study disfavors that the positive slope of the elliptic flow splitting between π − and π + with respect to the electric charge asymmetry, which is experimentally observed in Ref. [9] , is due to the chiral magnetic wave. However, the positive slope may be potentially explained by the mean-field potential effect. It is expected that u and d quarks may be affected by different meanfield potentials in the isospin asymmetric quark matter as a result of the isovector coupling [66] . Also, π − and π + are affected by different mean-field potentials in the isospin asymmetric hadronic matter [67] . Their elliptic flow splitting can be generated by their different meanfield potentials since the electric charge asymmetry is also related to the isospin asymmetry of the medium. Such study is in progress.
